Abstract. In four-dimensional gauge theory there exists a wellknown correspondence between instantons and holomorphic curves, and a similar correspondence exists between certain octonionic instantons and triholomorphic curves. We prove that this latter correspondence stems from the dynamics of various dimensional reductions of ten-dimensional supersymmetric Yang-Mills theory. More precisely we show that the dimensional reduction of the (5+1)-dimensional supersymmetric sigma model with hyperkähler (but otherwise arbitrary) target X to a four-dimensional hyperkähler manifold M is a topological sigma model localising on the space of triholomorphic maps M → X (or hyperinstantons). When X is the moduli space M K of instantons on a fourdimensional hyperkähler manifold K, this theory has an interpretation in terms of supersymmetric gauge theory. In this case, the topological sigma model can be understood as an adiabatic limit of the dimensional reduction of ten-dimensional supersymmetric Yang-Mills on the eight-dimensional manifold M × K of holonomy Sp(1)×Sp(1) ⊂ Spin(7), which is a cohomological theory localising on the moduli space of octonionic instantons.
Introduction
There is increasing evidence of an underlying unifying structure in superstring theory, M-theory. This is based on the continuing progress of research on duality. Perhaps the boldest proposal yet to have emerged from this duality revolution is the Matrix conjecture [4] , which states that M-theory can be described (at least in the infinite momentum frame) by the dimensional reduction to one dimension of 10-dimensional supersymmetric Yang-Mills (SYM 9+1 ) in the limit in which the rank of the gauge group goes to infinity. Despite some recent successes, it is fair to say that we are still far from understanding M-theory compactifications from a Matrix-theoretic point of view; but the results on toroidal compactifications seem to suggest that the dimensional reductions of SYM 9+1 play an important rôle.
In this paper, we report the results of our continuing exploration of dimensional reductions of SYM 9+1 on curved riemannian manifolds.
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Reductions on manifolds of special holonomy give cohomological field theories which localise on finite-dimensional moduli spaces. By taking certain geometric limits one obtains interesting relations involving different moduli spaces. In the particular example we treat here, we relate the moduli space of octonionic instantons in eight dimensions in an adiabatic limit to triholomorphic curves, generalising the wellknown relationship in four dimensions between instantons and holomorphic curves. This rather rich interplay between solitonic physics and complex geometry is thus seen to be a consequence of the underlying relationship with SYM 9+1 .
Whilst we do not explore here in detail the M-theory applications and understanding of these results, it is clear that these will be based upon an analysis of wrapped and intersecting D-branes. As perturbative string propagation constrains the local geometry of the spacetime, so D-branes probe the geometry of submanifolds, and in particular those of minimal volume. A very important class of examples of minimal submanifolds are the calibrated geometries introduced in [20] and rediscovered in string theory as supersymmetric cycles [7] . It is thus not a coincidence that such geometries are richest in those Ricci-flat manifolds possessing parallel spinors; that is, supersymmetric vacua. These include the manifolds of reduced holonomy which we study here. The relation between spinors and calibrations is of course well established [19, 23] ; but many of the applications to topology seem to be novel.
When a D-brane wraps around a supersymmetric cycle, it gives rise to a solitonic state of the effective compactified theory. In fact, much of the solitonic spectrum can be realised in this fashion. The mass of the soliton is given in the simplest cases by the volume of the cycle and the fact that the cycle is minimal is the geometric restatement of the BPS condition. On the other hand we may focus on the effective theory on the worldvolume of the D-brane, namely the dimensional reduction of SYM 9+1 . The interesting phenomenon is that for curved euclidean branes these theories are cohomological: the BRST symmetry being essentially a supersymmetry with a parallel spinor as parameter. In this fashion one can recover most known cohomological theories both in dimension d ≤ 4 [9, 11] and in higher dimension [10, 1, 17] . In particular this makes contact with the recent generalisations of Donaldson-FloerWitten theory to higher dimensions [13, 6, 5, 2] .
This programme has thus far focused on supersymmetric gauge theories and it is natural to ask if other cohomological field theories may be understood in this manner. In this paper we will show that the fourdimensional topological sigma model of Anselmi and Frè [3] may indeed also be understood, for some choices of target space, as arising from wrapped euclidean D-branes. This observation has a remarkable consequence: it allows us to understand a gauge theoretic result mentioned in [13, 24] relating the moduli space of certain octonionic instantons in eight dimensions and triholomorphic curves, similar to the well-known relation between four-dimensional instantons and holomorphic curves [14, 15, 8] .
This paper is organised as follows. We start in Section 2 by considering the six-dimensional supersymmetric sigma model with a hyperkähler target X. In Section 3 we dimensionally reduce this model in one space and one time dimensions to four euclidean dimensions. In Section 4 we consider the theory on a curved four-dimensional manifold M. Only when M is also hyperkähler do we have any supersymmetry left over. The remaining supercharges are BRST-like and one them can be interpreted as the BRST operator in a topological sigma model localising on the moduli space of triholomorphic maps M → X, or hyperinstantons. This is the hyperkähler version of Gromov-Witten theory, discussed by Anselmi and Frè [3] in a different context. In Section 5 we specialise the sigma model to the case in which X = M K is the moduli space of Yang-Mills instantons on a hyperkähler fourdimensional manifold K (e.g., a K3 surface), which is well-known to be a hyperkähler manifold itself. In this case we show that the topological sigma model can also be obtained by dimensionally reducing SYM 9+1 on the eight-dimensional manifold M ×K in the limit in which K becomes small. This reformulation sets up an isomorphism between triholomorphic curves in the moduli space M K and a certain moduli space of octonionic Yang-Mills instantons. We close the paper with four technical appendices.
A foreword on notation. Our conventions will be as follows: throughout the paper we will use the notation Å s+t to refer to (s+t)-dimensional Minkowski space. In addition d = Å d+0 will denote d-dimensional euclidean space. Spinor notation will follow [23] . In particular, Cℓ(s, t) denotes the Clifford algebra
where η µν is diagonal with signature +s−t. Our notation for representations of the spin groups is the following. The trivial, vector and adjoint representations are denoted 0 , 1 , and 2 respectively. The half-spin representations are denoted ∆ for odd-dimensional spin groups and ∆ ± for the even-dimensional spin groups. We will make use of the notation [ρ] to denote the underlying real representation of a complex representation ρ with a real structure. In other words, ρ ∼ = [ρ] ⊗ . Other group theory notation will be introduced as needed. Our conventions for ǫ AB are as follows. We take ǫ 12 = −ǫ 21 = ǫ 12 = −ǫ 21 = +1. We raise and lower indices using the "northeast" convention:
Therefore
A , and hence ǫ AB ǫ AB = 2.
The six-dimensional supersymmetric sigma model
In this section we will review the supersymmetric sigma model in Å 5+1 . The bosons in the supersymmetry sigma model are maps from Å 5+1 to a hyperkähler manifold X of (real) dimension 4n. Therefore there are 4n real bosonic degrees of freedom, both on-shell as off-shell. Normally the fermions in the sigma model would take values in (the pull-back of) the tangent bundle T X of the target manifold. However in this case, this prescription does not give rise to a match between the bosonic and fermionic degrees of freedom. Because Spin(5, 1) is isomorphic to SL(2, À), the smallest spinor in Å 5+1 is a Weyl spinor which has 8 real components. 4n such spinors would have 32n real components, reduced to 16n on-shell. We need to cut the dimension by a factor of 4. This is accomplished in a manner we now detail.
2.1. Some hyperkähler geometry. The complexified tangent bundle T X of a hyperkähler manifold decomposes under the maximal subgroup Sp(n) · Sp(1) ⊂ SO(4n) as T X ∼ = V ⊗ Σ, where Σ is a complex two-dimensional Sp(1) bundle and V is a complex 2n-dimensional Sp(n) bundle. These are associated to the fundamental representations λ 1 of Sp(n) and σ 1 of Sp(1). Indeed, under Sp(n) · Sp(1) ⊂ SO(4n), the vector representation of SO(4n) obeys
. The holonomy being Sp(n) means that the above decomposition of T X is preserved under parallel transport and, in addition, that Σ is a trivial bundle. The canonical real structure of T X is the product of the natural quaternionic structures in Σ and V . Because the spinor representations ∆ ± of Spin(5, 1) also possess a quaternionic structure, the tensor products ∆ ± ⊗λ 1 and ∆ ± ⊗σ 1 possess real structures. Therefore we will be able to impose reality conditions on the fermions and on the supersymmetry parameters respectively. 1 The representation ∆ ± ⊗ λ 1 is complex 8n-dimensional. The reality condition leaves 8n real components which gives 4n physical degrees of freedom for the spinors, matching the number of bosonic physical degrees of freedom. Similarly ∆ ± ⊗ σ 1 is complex eight-dimensional and the reality condition leaves the expected 8 real components of the supercharge.
We now introduce some notation to describe the fields in the sigma model. First we have 4n bosons φ i which are coordinates of the target manifold. The isomorphism T X ∼ = V ⊗ Σ is given explicitly by objects γ i Aa . Here A, B, . . . are Sp(1) indices associated with the representation σ 1 and take the values 1 and 2, whereas a, b, . . . are Sp(n) indices associated with λ 1 and run from 1 to 2n. The bundle Σ being trivial allows a constant Sp(1)-invariant symplectic form ǫ AB ; whereas V admits an Sp(n)-invariant symplectic form ω ab . In terms of these symplectic forms, the metric g ij on X can be written as:
Because the holonomy lies in Sp(n), not just the metric g, but also the symplectic forms ǫ and ω are parallel; whence so are the maps γ i Aa . We choose to trivialise Σ globally and put on it the zero connection. This way any constant section is parallel.
We now record some identities that will prove useful in the sequel. The maps γ i Aa being parallel imply
whereΓ j b a is the reduction to Sp(n) of the riemannian connection on X. Using this equation and equation (1) one deduces that
We define the Sp(n) curvature bŷ
The hyperkähler curvature tensor is the totally symmetric tensor Ω abcd defined by:
Therefore using (3) one finds that
2.2. The action and the supersymmetry algebra. As a real algebra, the Clifford algebra Cℓ(5, 1) is isomorphic to Mat 4 (À). This means that the irreducible representation of Cℓ(5, 1) is a complex eightdimensional representation with a quaternionic structure. TheΓ M , for M = 0, 1, . . . , 5, are then complex 8 × 8 matrices. The charge conjugation matrixĈ obeysĈ
The chirality operatorΓ 7 ≡Γ 0Γ1 · · ·Γ 5 obeysΓ 2 7 = +½. This means that the representations ∆ ± of Spin(5, 1) will inherit the quaternionic structure.
We can now write down the following lagrangian (see Appendix A for the derivation)
In this expression, the Ψ a are positive-chirality spinors satisfying a symplectic Majorana condition spelled out in [18] . For the present purposes it is enough to think of Ψ a as transforming under the rep- 
The above lagrangian is invariant under supersymmetry transformations:
where ε A is a constant negative-chirality Weyl spinor with values in Σ also subject to a symplectic Majorana condition (see [18] ) which we summarise simply by saying that ε A transforms according to the
. The Noether current generating the supersymmetry is given by
Dimensional reduction to four dimensions
In this section we describe the dimensional reduction of the supersymmetric sigma model from Å 5+1 to 4 and its extension to a fourdimensional hyperkähler manifold.
3.1. Properties of spinors. The supersymmetric sigma model described by equation (6) is invariant under the Lorentz group SO(5, 1). Upon reduction to 4 , this symmetry breaks down to SO(4) × SO(1, 1). The Clifford algebra Cℓ(5, 1) is isomorphic to Cℓ(4, 0)⊗Cℓ(1, 1) and we can choose our Γ-matrices in a way that they reflect this isomorphism:
where m runs from 1 to 4, and Γ m are the generators of Cℓ(4, 0). The chirality operatorΓ 7 in such a representation is given by Γ 5 ⊗ σ 3 . Therefore the positive chirality spinor Ψ a can be written as
t , with ± again referring to the four-dimensional chirality. The charge conjugation matrixĈ is given by C ⊗ σ 1 , where C is the charge conjugation matrix in 4 and satisfies C t = −C and Γ
We can organise our fields in terms of representations of Sp(n)×Spin(4)×SO(1, 1). In fact, it is more convenient to consider the following group G = Sp(n)×Sp(1) T ×Sp(1) + ×Sp(1) − ×SO(1, 1), where the maximal subgroup Sp(n) × Sp(1) T ⊂ Spin(4n) is the symmetry of the target space X, and Sp(1)
is what is left of the Lorentz group SO(5, 1) after dimensional reduction. This is convenient bookkeeping, but it has to be kept in mind that the above groups play different rôles. For example, Sp(n) is a gauge symmetry -essentially diffeomorphisms of the target space once the group of the frame bundle has been reduced to Sp(n); Sp(1) T , the centraliser of Sp(n) in SO(4n), is a rigid symmetry of the target space; whereas Sp(1) ± and SO(1, 1) are rigid symmetries of the 'spacetime'. The fields and parameters transform as follows under G:
where the notation conforms with the one introduced earlier, 1 denotes the trivial one-dimensional representation, and the subscript denotes the charge of the corresponding real one-dimensional representation of SO (1, 1). In all the cases considered above, the real structures alluded to by the square brackets are obtained from the real and quaternionic structures of the factors.
Dimensional Reduction.
It is now time to write down the action in terms of the new fields. We are setting ∂ 0 = ∂ 5 = 0. This means that also D 0 = D 5 = 0. The bosonic term of the action (6) becomes
In order to write down the fermionic terms, we notice thatΨ a = (ψ a −ψ a + ), whence the quadratic term in the action can be written (up to a total derivative) as
Finally the quartic terms in the action are given by
This action is invariant under the following supersymmetry transformations:
A cohomological theory for hyperinstantons
In this section we define the dimensionally reduced theory not on 4 but on a four-dimensional spin manifold M. As usual the theory extends by covariantising the derivatives, but the supersymmetry transformations will not be a symmetry unless the parameter is covariantly constant; whence M must admit parallel spinors. In 4 dimensions, this means that M is hyperkähler or flat. The flat case is not interesting for our present purposes since the holonomy is trivial and we cannot guarantee that the supersymmetry will square to zero (even on shell and up to 'gauge' transformations: here diffeomorphisms on X or local Sp(n) transformations). Therefore we will assume from now on that M is a four-dimensional hyperkähler manifold. For example we could choose X to be an ALE space or K3; although the present analysis is general. Reducing on such a manifold we will arrive at the topological sigma model introduced by Anselmi and Frè [3] . − into self-dual and antiself-dual two-forms. We will write SO(4) = Sp(1) + · Sp(1) − to reflect this fact. The spin cover is a direct product Spin(4) = Sp(1) + × Sp(1) − which agrees with the notation in Section 3.1.
For definiteness we choose the holonomy group to be Sp(1) + . This means that the negative chirality spinors are singlets of the holonomy group and hence 'scalars' in the new theory. The surviving supersymmetry will then be the one with ε A − as parameter. We will let θ A be a commuting parallel spinor on M. The index A is a Sp(1) T index which we carry simply to remind ourselves that θ A obeys a reality condition involving ǫ AB . Notice that for commuting spinorsθ
We choose to normaliseθ A θ A = 2, whenceθ A θ B = ǫ AB . In terms of this commuting spinor, we can write the surviving supersymmetry parameter ε A − = εθ A , where ε is an anticommuting parameter. Notice that θ A has four real components, whence we have four scalar supercharges. The supersymmetry transformations that we will write down are generated by a particular linear combination, which if necessary may be broken down into its constituents. In fact, it is easy to see that the independent supersymmetries are given by the combinations
− ; the former being the scalar supersymmetry relevant to our deliberations here.
In order to write the action and the BRST symmetry it will be convenient to decompose our fields into irreducible representations of the holonomy group. To this end, the parallel spinor proves very useful. Indeed, let us define the following fields:
In order to invert these definitions it will be necessary to use the ubiquitous Fierz identity:
where we have defined
It obeys the following relations:
In other words, K AB mn transforms under the representation
is the adjoint representation. The field χ Aa m defined above has more degrees of freedom than ψ a + , whence we expect that it obeys a constraint. In fact, it does:
where we have used that θ Cθ C = 1 2
(½ − Γ 5 ), which follows from the Fierz identity (10) . Using this fact, we may invert the definition of χ Aa m to deduce
Similarly, contracting ξ
Aa with θ A we get
One might be tempted to define the field B 
A cohomological theory.
We can now write the theory in terms of the new fields and check that the remaining supersymmetry does indeed square to zero (at least on-shell). We first rewrite the action in terms of the new fields. Clearly L B does not change, whereas the quadratic term L
F becomes
where P is the projector onto those χ Aa m which obey (13) . This projector can be found as follows. Using the Fierz identity (10) , one can show that
from where it follows that the map K has eigenvalues 1 and −3. The projector onto the −3 eigenspace, to which χ Aa m belongs, is then given by
The quartic terms are a little more complicated. We record here the following expressionsψ
Bb m , where we have once again used (13) in the last two lines. It is now a simple matter to plug these expressions into (8) to obtain
F is invariant under the following fermionic symmetry, obtained from (9) after putting ε A + = 0 and ε
Notice that we have dropped the explicit dependence of ε and hence understand δ as a fermionic symmetry from now on. Let us check δ 2 on the fields. Remembering that γ i Aa depends on φ i , we obtain
which vanishes because the Levi-Civita connection is torsionless. Writing ξ and to use the fact that δ 2 is a derivation which has been shown to be zero already on χ Aa m , φ i and ξ i . In summary, δ 2 = 0 off shell. This means that we should be able to write the action as a 'topological' term plus a term δΞ, for some 'gauge fermion' Ξ, which because δ 2 = 0 will be δ-invariant. Indeed, consider the following expression
Its variation is given by
where we have once again used (5). Varying with respect to H Aa m we see that its equation of motion is algebraic, with solution:
consistent with the supersymmetry variation of χ Aa m given in (15) . Plugging this back into δΞ we obtain
whence it follows that
This action was discovered by Anselmi and Frè [3] by the more traditional method of gauge fixing a topological symmetry. Here we have rediscovered it simply as the dimensional reduction of the six-dimensional supersymmetric sigma model on a four-dimensional hyperkähler manifold. 
and where we have introduced a metric h mn on M. In terms of these fields, the action in curved space becomes
This action is invariant under the following fermionic symmetry:
Defining the integrated gauge fermion Θ by
we have that after solving for the auxiliary field H i m , the action is written as S = S top + δΘ, where
Standard arguments now show that this cohomological theory localises on the moduli space of maps φ : M → X satisfying the following condition:
namely that the projector P annihilates ∂ m φ i . It is easy to prove that maps φ : M → X satisfying this condition minimise the sigma model action:
Indeed consider the inequality
Expanding and using equation (14) we find that
with equality holding if and only if equation (17) is satisfied. Such maps are called hyperinstantons in [3] . Because S top is an absolute minimum of the action, it should be a homotopy invariant. We will see that this is indeed the case. These maps are also called triholomorphic by analogy with the case of two-dimensional topological sigma models. In order to understand this better it is necessary to look a little closer at the map K. As shown in Appendix B, K mn i j can be written as
where I α mn and J α ij are the Kähler forms corresponding to the complex structures in M and X respectively, α and β run from 1 to 3, and A αβ are the entries of a matrix in SO(3). The value of this matrix is not significant, as it will change for a different choice of parallel spinors. We can explain its appearance as follows. The choice of complex structures on a hyperkähler manifold is not canonical. The only object that has any invariant meaning is the two-sphere of complex structures. Any two choices of complex structures will be related precisely by a matrix A αβ in SO(3). Plugging the expression (18) for K into (17), we find
which has the following interpretation
where φ * : T M → T X is the tangent map. This equation is a quaternionic analogue of the Cauchy-Riemann equation defining holomorphic maps. Thus we way that a map φ : M → X between hyperkähler manifolds is triholomorphic if its derivative obeys (20) for some matrix A αβ ∈ SO(3), and when M is four-dimensional we call its image φ(M) ⊂ X a triholomorphic curve. It is possible to choose complex structures I α for M and J α for X in such a way that the matrix A αβ becomes the identity matrix. In this case, the triholomorphicity condition becomes
One might be tempted to think that a more sensible notion of triholomorphicity would demand that φ * commutes with the action of all three complex structures, just like for holomorphic maps; but the nonexistence of a preferred point in the two-sphere of complex structures means that there is no way to canonically identify the two-spheres of complex structures in M and X. As a final remark, let us show that S top is indeed a homotopy invariant. From the explicit expression (18) for K, we can write S top as follows:
Using the self-duality of the Kähler forms I α mn on M, we can write this more invariantly as
which is clearly a homotopy invariant since the two-forms I α and J α are closed.
Octonionic instantons and triholomorphic curves
In this section we specialise to the case where the target space X is the moduli space M K of Yang-Mills instantons of a four-dimensional hyperkähler manifold K and in this way we will recover a gaugetheoretical result mentioned in [13, 24] . This is the higher-dimensional analogue of the relation between instantons and holomorphic curves in four-dimensional gauge theory [14, 15, 8] . This relation says the following. Consider Yang-Mills theory on a four-manifold Σ 1 × Σ 2 , where Σ i are two-dimensional surfaces. Rescaling the metric of Σ 2 , we find that in the limit of zero size, instantons on Σ 1 × Σ 2 are in oneto-one correspondence with holomorphic curves φ(Σ 1 ) in the moduli space of flat connections on Σ 2 . The higher-dimensional analogue of this relation, which we will discuss here, concerns octonionic instantons on the eight-dimensional manifold M × K where both M and K are four-dimensional hyperkähler manifolds. In the limit of shrinking K, these instantons are in one-to-one correspondence with triholomorphic curves φ(M) on the moduli space M K of instantons.
The way we derive this result is summarised in Figure 1 . The starting point is ten-dimensional supersymmetric Yang-Mills theory (SYM 9+1 ). On the one hand, corresponding to the left-hand side of the Figure, we can dimensionally reduce it to six dimensions on a small four-dimensional hyperkähler manifold K. The adiabatic limit of this theory is the supersymmetric sigma model on the instanton moduli space M K , which is well-known to possess a hyperkähler metric. This means that we can apply the results from the previous section. As shown above, the six-dimensional supersymmetric sigma model (Sσm) with target M K , dimensionally reduced on a four-dimensional hyperkähler manifold M is a topological sigma model (Tσm) localising on the moduli space of triholomorphic maps M → M K , or hyperinstantons. On the other hand, corresponding to the right-hand side of the Figure, we can reduce SYM 9+1 directly on the eight-dimensional manifold M × K of holonomy Sp(1) × Sp(1) ⊂ Spin (7) . As shown in [1, 10] the resulting cohomological theory localises on the moduli space of octonionic instantons. Taking the adiabatic limit in which K shrinks to zero size, our argument shows that we recover the topological sigma model M → M K . We will also see this directly.
Supersymmetric Yang-Mills and hyperinstantons. Let us
start with SYM 9+1 and reduce it on Å 5+1 × K, where K is a four-dimensional hyperkähler manifold. If K is not flat, then it preserves only one half of the supersymmetry. In the limit in which K shrinks to zero size, the resulting effective theory is a six-dimensional theory with eight real supercharges. We will argue that this is a supersymmetric sigma model with target space the instanton moduli space M K on K. Parenthetically, this shows that M K admits a hyperkähler metric, a fact that is well-known and can of course be proven without recourse to supersymmetry. We will actually show that the bosonic sector of the effective six-dimensional theory is a sigma model on the instanton moduli space. Together with the fact that the effective theory is supersymmetric, this means that the only natural candidate is the supersymmetric sigma model. A fuller treatment is possible but falls outside the scope of the present paper.
Let us consider the bosonic sector of SYM 9+1 on Å 5+1 × K, which is described by the Yang-Mills action. In differential form notation we will refer to the components of the gauge field along Å ≡ Å 5+1 and K as A Å and A K respectively. They take values in a Lie algebra g with a fixed invariant metric denoted by Tr. The Yang-Mills action on Å × K can be written as
where F K and F Å are the components of the field-strength along the K and Å directions respectively, d and D stand for the exterior and exterior covariant derivatives respectively, and 2 is the pointwise norm on forms including also the metric on the Lie algebra, e.g.,
with ⋆ being the Hodge operator in Å × K. We now take the limit in which K shrinks to zero size; that is, we rescale the metric on K by a parameter ε. Performing this rescaling we see that L YM scales as
Setting ε = 0 only the first term survives. This term has no derivatives along Å whence it is to be understood as an effective potential.
The minima of this potential are precisely the instantons on K. The effective theory on Å induced by L (ε=0) YM has therefore no dynamics. In order to obtain a nontrivial effective theory we must consider the next term in the perturbative ε expansion. In this term, the field A Å has no derivatives along Å, and hence it plays the rôle of an auxiliary field.
Its only effect is to cancel the components of d Å A K which lie in the image of D K -that is, which are tangent to the orbits of the gauge group. In other words, this leaves a theory of maps from Å to the instanton moduli space M K on K. We will now show that this theory is a sigma model. The following discussion assumes familiarity with the local geometry of the instanton moduli space M K , which is summarised in Appendix D.
We will let x µ for µ = 0, 1, . . . , 5 denote the coordinates on Å and y m for m = 1, 2, 3, 4 denote the coordinates on K. Let A µ (x, y) and A m (x, y) denote the different components of the gauge fields. Minimising the action at ǫ = 0 means that F K is self-dual or anti-selfdual. Let us take for definiteness the case that F K is self-dual. For fixed x, A m (x, y) is a self-dual gauge field, so it defines a map from Å to the space of self-dual connections A + . In turn, a self-dual gauge field A m defines a map φ=[A] : Å → M K defined by the composition Å → A + → M K , where the second map is the natural projection sending a connection to its gauge equivalence class and the first map is the one induced by A m . Then we can break ∂ µ A m according to (38) as follows:
where δ A A i are the components tangent to M K and ǫ µ are some gauge parameters which are given in terms of ∂ µ A m by solving
We now insert (22) into the second term in (21) and we obtain
The second term can be discarded after shifting A µ and integrating it out. The first term is the action of a sigma model of maps φ :
with metric given by (40); that is,
In other words the bosonic term of the effective action is a sigma model with target the moduli space of instantons M K on K. The fermionic terms make up a supersymmetric theory with 8 real supercharges. It can be argued that the unique such theory whose bosonic term is the sigma model is the supersymmetric sigma model on M K . Incidentally, this proves that the metric G AB (φ) given by (40) is hyperkähler.
We are now in a position to apply the results described in the previous sections and reduce the theory on a four-dimensional hyperkähler manifold M. The resulting cohomological field theory is the topological sigma model of [3] which localises on the space of triholomorphic maps M → M K ; that is, on the hyperinstantons.
Supersymmetric Yang-Mills and octonionic instantons.
On the other hand we can reduce SYM 9+1 directly on the manifold M × K and then take the adiabatic limit. This eight-dimensional manifold has holonomy Sp(1) × Sp(1) ⊂ Spin (7); hence by the results of [1] (see also [10] ), the reduction of SYM 9+1 to M × K is a cohomological theory which localises on the moduli space of octonionic instantons. This cohomological theory was originally discussed in [6, 5, 2] from a different perspective.
On an eight-manifold Y of Spin (7) holonomy, there exists a self-dual parallel four-form Ω. Relative to a local Spin(7) coframe {ω a }, Ω is given by
where we have used the shorthand
This fourform is intimately linked with the octonion algebra (see, e.g., [20] ); but for our present purposes its most interesting property is that it can be used to define an endomorphism of the two-forms:
The octonionic instanton equations are given by the following linear equations on the curvature [12, 25] ,
Relative to the local frame above, these equations expand to
It is possible to show that these equations are the zero locus of an octonionic moment map defined by the action of the gauge group on the space of gauge fields on an eight-dimensional manifold of Spin (7) holonomy and thus that the moduli space of octonionic instantons can be exhibited as an infinite-dimensional octonionic Kähler quotient [16] .
We now consider the manifold M × K. Each M and K are hyperkähler four-dimensional manifolds, hence they have each a triplet of parallel two-forms corresponding to the Kähler forms of the hyperkähler structure. Depending on the orientation, they can be chosen to be selfdual or anti-self-dual. We will fix the orientations of M and K in such a way that the parallel forms are anti-self-dual. Let us choose the local Spin(7) frame above such that ω i for i = 1, 2, 3, 4 are a local Sp(1) frame for M and ω m for m = 5, 6, 7, 8 are a local Sp(1) frame for K. Relative to this frame we can choose the anti-self-dual forms on M and K to be given respectively by the following expressions:
In terms of these forms, the Spin(7)-invariant four-form Ω is given by
where the matrix A αβ is given by A = 0 0 1 0 1 0
. Any other choice of I α orÎ α , consistent with the fact that they are a hyperkähler structure, is obtained from the one in (25) by an SO(3) rotation. The expression for Ω in terms of the new I α andÎ α would then be given by (26) but where the matrix A goes over to LAR t , where L and R are matrices in SO(3). In other words, A becomes an arbitrary SO(3) matrix itself.
In Appendix C (see equation (33)) it is shown that the first three instanton equations in (24) can be rewritten as
where F · I α ≡ F ij I α ij and similarly for F ·Î α . Under a rescaling of the metric in K by ε, these equations scale as
whence the limit ε → 0 implies that F ·Î α = 0 for all α. In other words, in the limit of shrinking K, for each point x ∈ M, the components of F along K are self-dual and hence define an instanton. Therefore the map x → A K (x, y) induces a map φ=[A K ] : M → M K , which the remaining octonionic instanton equations will constrain as follows.
As shown in Appendix C (see equation (34)) the last four instanton equations in (24) can be written as follows:
In order to be able to interpret these equations in terms of the map φ : M → M K , we first expand the field strength:
Plugging this back into (28) we obtain
. We now break up ∂ i A m as in (22) and rewrite this equation as
. We now contract with δ B A m and integrate over K to obtain
where we have used the expressions (40) for the metric G AB and (41) for the complex structure J β AB on M, as well as the identities (37) and (39). Finally we can multiply both sides of equation (29) with the inverse metric to obtain
which is precisely the triholomorphicity condition ( (33) is not obeyed because A m are self-dual connections; but as we saw, under a conformal rescaling of K, this is a limit of solutions of (33). Therefore one can argue that in a neighbourhood of (ǫ i , A m ) there is a solution of the rescaled equations (27) at least for ǫ small enough.
In other words, we have shown that there is a one-to-one correspondence between triholomorphic maps M → M K (hyperinstantons) and octonionic instantons on M × K in the limit when K shrinks to zero size. The correspondence follows from an equivalence of cohomological theories obtained from SYM 9+1 by dimensional reduction.
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Appendix A. Supersymmetry of the sigma model
In this appendix we derive the factors in front of the fermionic terms in the lagrangian (6) for the supersymmetric sigma model. The action (6) is determined essentially by supersymmetry alone. Let us write the lagrangian L as a sum of three terms
where
and α and β are parameters to be determined. The supersymmetry transformations (7) contain terms of orders −1 and 1 in the fermions: δ ε = δ (−1) + δ (1) . Invariance under supersymmetry means that up to a total derivative the following cancellations must take place:
The first and last identities do not require any special tricks: the first one simply fixes α = 1 2
; whereas the last one is true for any β by virtue of the Bianchi identity for the curvature tensor. The middle identity is the crucial one, as it will fix β. After some calculation, one finds
which after using (5) becomes
On the other hand, we have that
Therefore we are a Fierz away from being able to compare them. The required Fierz identity is the following:
Notice the important fact that the first term in the right hand side is symmetric in a and b, whereas the second term is antisymmetric. Using this fact we find that
In other words, this will cancel the contribution from L (4) provided that β = − Elementary proof. Expanding the ǫ symbols in the second equation in (30) we get the following equation
where σ i = Tr A i and A = [A αβ ] is a 3 × 3 matrix. Multiplying both sides of this equation with A either on the left or on the right and comparing with with the characteristic equation for a 3 × 3 matrix,
Taking the trace and using the first equation in (30), we see that Det A = 1 and that
whence A ∈ SO(3).
Appendix C. The octonionic instanton equations on M × K In this appendix we rewrite the Spin(7) instanton equation (23) for the explicit Ω built out of the hyperkähler structures of M and K and given by equation (26). The octonionic instanton equation (23) can be rewritten more invariantly as
and it is this equation that we will work with. We start by writing all forms into components relative to the the Sp(1) structures of M and K. We will let i, j, k, l running from 1 to 4 be "flat" indices on M. Similarly m, n, p, q running from 5 to 8 are "flat" indices of K. Indices a, b, c, d are "flat" indices of M × K and run from 1 to 8. For the hyperkähler structures I α andÎ α we have
Similarly for the field strength we have F = We now specialise the indices. Letting (ab) = (ij) we find 
The left-hand side of this equation is twice the anti-self-dual part of F ij . Therefore it can be written as a linear combination of the I α . Contracting with I α we finally arrive at
It is easy to see that specialising (ab) = (mn) yields the same equations and that these equations are precisely the first three equations of (24) . Now let (ab) = (im) in (32). Only the third term in the right-hand side contributes now and we find
Using the anti-self-duality of I α andÎ α , we finally arrive at
Appendix D. The local geometry of the moduli space M K
In this appendix we review the basic formalism concerning the local geometry (metric and hyperkähler structure) of the instanton moduli space M K of a four-dimensional hyperkähler manifold.
On K we have a metric g K and a chosen hyperkähler structure consisting of a tripletÎ α of complex structures satisfying the algebra of imaginary quaternions. The associated Kähler two-forms are anti-selfdual. Choose a gauge bundle P over K and let A denote the space of connections. It is foliated by the group G of gauge transformations and the orbit space C ≡ A/G is the physical configuration space of the gauge theory. Let A + denote the space of self-dual connections. Because self-duality is a gauge invariant concept, G acts on A + and the orbit space M K ≡ A + /G is the moduli space of instantons. It is a well-known fact that M K inherits a hyperkähler metric. This follows either from an infinite-dimensional hyperkähler quotient construction as in [21] or by more pedestrian means (see, e.g., [22] ). It also follows from supersymmetry as explained in Section 5.1.
Because K is hyperkähler we can reduce the group of the tangent bundle to Sp(1) ⊂ SO(4). This means that we can choose local frames e m , for m = 1, 2, 3, 4 which on overlaps are related via Sp(1) transformations. We let ω m denote the dual coframe and will use the shorthand ω mn···p = ω m ∧ω n ∧· · ·∧ω p . Relative to this frame a connection has components A m . The metric relative to this frame is "flat" e m , e n = δ mn . The Kähler forms have componentsÎ α =
2Î
α mn ω mn . The study of the local geometry of M ≡ M K starts with a description of its tangent space. As usual with orbit spaces it is convenient to think of them as sitting inside the "top" space (A + in this case) via a slice. A + is a subspace of A and it is from A that it inherits its geometry. We must therefore start with A.
The space A of connections is an infinite-dimensional affine space modelled on the Lie algebra valued one-forms on K. On this space there is a natural inner product, which induces a metric on A:
where δ i A are Lie algebra valued one-forms. Now let A ∈ A + be a self-dual connection. The tangent vectors T A A + to A + at A are precisely those Lie algebra valued one-forms δA ∈ T A A which obey the linearised self-duality equations:
In terms of the anti-self-dual Kähler forms this is equivalent tô I α mn D m δA n = 0 for all α.
We say that a connection is irreducible if there are no nontrivial solutions ǫ to D m ǫ = 0. At an irreducible self-dual connection A, T A A + breaks up into
where O ∼ = G is the gauge orbit through A and S is the slice at A through the action of the gauge group. The slice is locally isomorphic to the moduli space M and the map sending a gauge field A to its gauge equivalence class [A] identifies the two:
The tangent space to the gauge orbit at A can be identified with those Lie algebra valued one-forms δA which take the form of an infinitesimal gauge transformation δA m = D m ǫ. They are automatically tangent to A + -that is, they satisfy the linearised self-duality equation (36). The tangent space to the slice (and by identification, to the moduli space) are those Lie algebra valued one-forms δA which obey (36) and also which are orthogonal to the gauge orbits. This last condition is precisely Gauss's Law:
The metric on M is obtained from the metric on A as follows: given two tangent vectors to M at [A] lift them to Lie-algebra valued one-forms satisfying equations (36) and (39) and then use (35). Explicitly, let δ A A for A = 1, 2, . . . , dim M be Lie algebra valued one-forms satisfying (36) and (39) and assume that they define a local frame for M. Then the metric relative to this frame is given by
In other words, the metric on M is defined in such a way that the map taking a self-dual connection to its gauge equivalence class is a riemannian submersion. It is possible to show that the metric (40) is hyperkähler. In fact, the hyperkähler structure is inherited from that of K. Define the following two-forms on M
It can be shown that J α define a hyperkähler structure on M.
